In this Letter, weak turbulence theory is used to investigate interactions among Alfvén waves and fast and slow magnetosonic waves in collisionless low-β plasmas. The wave kinetic equations are derived from the equations of magnetohydrodynamics, and extra terms are then added to model collisionless damping. These equations are used to provide a quantitative description of a variety of nonlinear processes, including "parallel" and "perpendicular" energy cascade, energy transfer between wave types, "phase mixing," and the generation of back-scattered Alfvén waves.
approximately accurate in these cases because the dynamics are governed primarily by magnetic forces and inertia, while the pressure tensor and collisionless damping play only a minor role. In this Letter, MHD is used to model turbulence at length scales ≫ r i and < λ mfp and frequencies ≪ Ω i in low-β plasmas. To account for the strong collisionless damping of slow magnetosonic waves and the weak collisionless damping of fast waves, [1] extra damping terms are added to the equations for the wave power spectra. Although this approach is only an approximation to the full kinetic behavior of the plasma, the comparative simplicity of MHD makes it possible to describe the physics within the MHD model in great detail and thereby gain useful insight into the full problem.
The basic phenomenology of MHD turbulence depends on whether the turbulence is weak or strong, which in turn depends on the value of ω k τ k , where ω k is the linear wave frequency at wave vector k k k and τ k is the time scale on which the fluctuations at wave vector k k k evolve due to nonlinearities. If |ω k |τ k ≫ 1, then the turbulence is weak, the fluctuations can be approximated as a collection of small-amplitude waves, and the interactions between waves can be analyzed using perturbation theory. [3, 4] On the other hand, if |ω k |τ k 1, then the fluctuations are not wave-like and the turbulence is strong. In MHD, τ k is at least as large as ∼ (kδv k ) −1 , where δv k is the rms amplitude of the velocity fluctuation at scale k −1 . Thus, the condition |ω k |τ k ≫ 1 is satisfied provided |ω k | ≫ kδv k .
An important point is that the weak and strong turbulence limits can apply to different components of the turbulence within a single plasma. [5, 6, 7] For Alfvén waves, ω k = ±k z v A , where v A = B 0 / √ 4πρ 0 is the Alfvén speed, ρ 0 is the background density, and B B B 0 = B 0ẑ z z is the background magnetic field. As a result, Alfvén-wave turbulence is strong for suffi-
On the other hand, Alfvén waves with |k z | k ⊥ and δv k ≪ v A are weakly turbulent. Similarly, fast waves satisfy ω k ≃ ±kv A in low-β plasmas, and are thus weakly turbulent provided δv k ≪ v A . This Letter focuses on weak turbulence, but a method to account for strong-Alfvén-wave turbulence is also described.
The equations of ideal MHD are
where ρ is the density and v v v is the velocity. The specific entropy [∝ ln(pρ −γ )] is taken to be a constant (where γ is the ratio of specific heats). Each fluid quantity is taken to be the sum of a uniform background value plus a small-amplitude 
The fast and slow-wave amplitudes, f ± k and s ± k , are given by
where w w w = ( f 
where µ = cos θ, η = sin θ, and θ is the angle between k k k andẑ z z. The Fourier transforms of equations (1) through (3), expressed in terms of s
where the right-hand sides are the nonlinear terms, ω ± a,k = ±k z v A , and, to lowest order in ε, ω
The power spectra are defined by the equations s
and f
is proportional to the energy per unit volume in k-space of Alfvén waves (slow waves) propagating in the ±z direction. The quantity F k is proportional to the energy per unit volume in k-space of fast waves propagating in the k k k direction. Cylindrical symmetry about the z axis is assumed, so that S
In the weak-turbulence limit, the wave kinetic equations can be obtained from equations (4) through (6) using the standard techniques of [3, 4] . These equations express ∂S ± k /∂t, ∂A ± k /∂t, and ∂F k /∂t as series in powers of ε. As written below, the lowest-order terms in these series are ∝ ε −2 , contain S ± k , and are associated with the slow-wave density fluctuation,
Although proportional to ε −2 , these terms may nevertheless be small, because strong collisionless damping [1] makes S ± k much smaller than A ± k and F k . In this Letter, the ε −2 S ± k terms are retained, but the nonlinear terms containing S ± k at higher order in ε are dropped, with the exception of the δ(q z ) term in equation (7), which is retained for reasons discussed below. Of the terms that do not contain S ± k , only the leading-order terms (∝ ε 0 ) are kept. The wave kinetic equations then become
where
, α is the angle betweenẑ z z and, F −q = F(q ⊥ , −q z ,t), and γ ± s,k , γ ± a,k , and γ f ,k are the linear damping rates. The partial derivative ∂F q /∂q is taken at constant α, and the partial derivative ∂A q /∂q z is taken at constant q ⊥ . In the triangle with sides of lengths k ⊥ , p ⊥ , and q ⊥ , the interior angles opposite the sides of length k ⊥ , p ⊥ , and q ⊥ are denoted σ k , σ p , and σ q , and l = cos σ k , m = cos σ p , n = cos σ q , l = sin σ k , m = sin σ p , and n = sin σ q . The
The "collision integrals" on the right-hand sides of equations (7) through (9) (7) through (9) thus ensure that the spectra remain non-negative. When the linear damping terms are dropped, equations (7) through (9) conserve the energy per unit mass At k z = 0, the only nonzero term in the collision integral in equation (8) is the term proportional to δ(q z ). This term represents interactions between three Alfvén waves ("AAA interactions"), which transfer Alfvén-wave energy at all k z to larger k ⊥ but not towards larger |k z |. [9, 10, 11, 12, 13, 14] In AAA interactions, each Alfvén wave type (a + or a − ) is cascaded by the other Alfvén wave type. Thus, if
is a steady-state solution to equation (8) for k z = 0 in the absence of dissipation, provided n + + n − = 6, as in the incompressible case. [12] When dissipation is included, these power laws become approximate solutions for A ± (k ⊥ , 0) within the inertial range. If 0) at the (perpendicular) dissipation scale ("pinning" [13, 15] ) and A + (k ⊥ , 0) > A − (k ⊥ , 0) in the inertial range, then n + > 3 > n − for the inertial-range spectra. The Alfvén-wave spectra at k z = 0 are not affected by the value of A ± k at nonzero k z or by the slow-wave or fast-wave spectra. At k z = 0, the only nonzero term on the right-hand side of equation (7) is the term ∝ δ(q z ), which represents the mixing of slow waves by Alfvén waves, which transfers slowwave energy to larger k ⊥ but not to larger |k z |. This term is identical to the expression describing the mixing of a passive scalar by weak Alfvén-wave turbulence, with S ± k replacing the passive-scalar spectrum. In the "imbalanced" case in which A + (k ⊥ , 0) ≫ A − (k ⊥ , 0) within the inertial range, the quantity A + q + A − q in this "passive-scalar mixing term" can be approximated as simply A
is a steady-state solution to equation (7) at k z = 0 in the absence of dissipation. Thus, the slow-wave spectrum at k z = 0 (and hence also the spectrum of a passive scalar) mimics the spectrum of the minority Alfvén-wave type, A − (k ⊥ , 0). Although all other terms in the wave kinetic equations containing S ± k at orders higher than ε −2 have been discarded, the δ(q z )S ± k term in equation (7) has been retained because it can dominate as k z → 0, since the other nonlinear terms and the linear (Landau) damping term vanish in this limit. [Because strong collisionless damping keeps S ± k small at nonzero k z , the cascade of slow-wave energy to larger |k z | arising from interactions among slow waves is neglected in equation (7) .]
The term ∝ ε −2 δ(p z ) in equation (8) represents "phasemixing." Slow-wave density fluctuations at k z = 0 cause the Alfvén speed to vary in the directions perpendicular to B B B 0 . As a result, Alfvén-wave phase fronts travel at different speeds on different field lines, transferring Alfvén-wave energy to larger k ⊥ . [16] (Density fluctuations at k z = 0 associated with passive-scalar entropy waves would have the same effect.) Phase mixing and AAA interactions both cause a perpendicular cascade of Alfvén-wave energy. The relative strength of these two processes varies with θ.
, then phase mixing dominates the perpendicular cascade when |k z | ≫ k ⊥ while AAA interactions dominate when k ⊥ ≫ |k z |.
In equation (9), the terms proportional to 9 sin 2 θ represent interactions between three fast waves ("FFF interactions"). The FFF terms are the same as the collision integral for weak acoustic turbulence [4] , up to an overall multiplicative factor proportional to sin 2 θ. As sin θ → 0, the acoustic-like FFF interactions weaken because the fast waves become less compressive. [17] Energy is transferred from small k to large k by FFF interactions. [6, 17] The resonance conditions for FFF interactions require that p p p andbe parallel or anti-parallel to k k k, indicating that FFF interactions transfer energy along radial lines in k-space. [6, 17] The terms containing Λ kpq in equations (8) and (9) represent interactions between two Alfvén waves and one fast wave ("AAF interactions"). The terms containing M kpq in equations (8) and (9) represent interactions between one Alfvén wave and two fast waves ("AFF interactions"). When k ⊥ ≪ |k z |, AFF interactions cause A ± (k ⊥ , k z ) to become approximately equal to F(k ⊥ , ±|k z |). [17] . The combination of FFF and AFF interactions results in a "parallel cascade," i.e., a transfer of Alfvén-wave and fast-wave energy to larger |k z |. [17] The ε −2 S ± p terms in equation (9) represent the "resonant scattering" of fast waves into either new fast waves or Alfvén waves of equal frequency but different wavenumber. [8] The ε −2 δ(k − q) term in equation (9) acts to isotropize F k . The ε −2 S ± P terms in equation (8) 
